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We describe an algorithm for selecting the an-th largest element (where 0 < o < 1), from a
totally ordered set of n elements, using at most (1+(1+0(1))H(a))-n comparisons, where H(a) is
the binary entropy function and the o(1) stands for a function that tends to 0 as « tends to 0. For
small values of ¢ this is almost the best possible as there is a lower bound of about (1+ H(a))-n
comparisons. The algorithm obtained beats the global 3n upper bound of Schénhage, Paterson
and Pippenger for a<1/3.

1. Introduction

The selection problem is one of the most fundamental problems of computer
science. Given a set X containing n distinct elements, and given a number 1 <7 <n,
we would like to find the element whose rank in X is exactly 1, i.e., the element of
X larger than exactly i—1 elements of X and smaller than the other n—1 elements
of X. The element of rank 4 is simply the i-th smallest element. By symmetry,
the problems of finding the i-th largest element and the i-th smallest element are
equivalent.

Only in the early 70’s, was it shown, by Blum, Floyd, Pratt, Rivest and
Tarjan (1], that the selection problem can be solved in O(n) time. Blum et al.
obtained a global 5.43n bound on the number of comparisons needed to select any
element from a set of n elements. Their bound was improved a few years later by
Schonhage, Paterson and Pippenger [14]. Schonhage et al. describe a beautiful
algorithm for finding the median (the [n/2]-th largest element) using at most
3n+o(n) comparisons. It is not difficult to see that any element, not just the
median, can be found using their algorithm within the same comparison bound. In
a recent work [5], we have been able to improve the long standing upper bound of
Schonhage, Paterson and Pippenger to about 2.95%.

Blum et al. [1], also describe a variant of their 5.43n algorithm that is par-
ticularly suited for finding (relatively) low ranked elements. They show that the
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an-th element (or more precisely, the [an]-th element), where 0 < o < 1, can be
found using, for small a’s, about (1 +10.86- cvlog %) -n comparisons (all logarithms

in this paper are taken to base two). This alternative is better than their original
version when o <0.203. Schonhage et al. [14] make no attempt to find lower ranked
elements faster.

In this work we extend the results of both Schénhage et al. [14] and Blum et
al. [1], and obtain an algorithm for the selection of the an-th element using at most

1 1
<1+aloga+0 (alogloga>> ‘n

comparisons. This comes very close to a (1+H (a))-n—o(n) lower bound obtained by
Bent and John [2] (see also [8]). As H(a) =alogé+(1—a) logﬁ :alogé-{—O(a),
the coefficient of alog% in our upper bound cannot be improved.

Our bound beats the 3n bound of Schénhage et al. as soon as a < 1/3. Our
algorithm is efficient therefore not only for very small a’s but also for a’s not so far
away from 1/2. We hope that some of the new ideas presented here could be used
to obtain a better algorithm for finding the median.

A previous attempt to combine the algorithms of Blum et al. [1] and of
Schonhage et al. [14] was made by Motoki [11]. His algorithm finds the an-th

element using, for small a’s, about (1+5alog L) n comparisons. In his approach,
the median algorithm of Schonhage et al. is used as a ‘black-box’. We obtain our
near optimal upper bound by adapting the algorithm of Schénhage et al. for various
values of a.

Many researchers have worked on the problem of finding the i-th largest ele-
ment when 7 is a small fixed integer. The case i =2 was already considered by Lewis
Carroll [3]. The exact number of comparisons required in this case, n+ [logn] —2,
was found by Schreier [13] and Kislitsyn [9]. Hadian and Sobel [7] (see also [10],
Section 5.3.3) use a variant of tree selection to find the ¢-th element using at most
n—i+(i—1)[log(n+2—1)] comparisons. Their algorithm is improved slightly by Yap
[16] and by Ramanan and Hyafil [12]. All these algorithms have however non-linear
complexities when i=an.

Schénhage, Paterson and Pippenger [14] also show that a conjecture of Yao
[15] (the statement of this conjecture is given in Section 5) implies the existence of
a median finding algorithm that uses at most 2.5n+ o(n) comparisons. We extend
this implication and show that Yao’s conjecture also implies that the an-th element
can be found using at most

<1+alogi- +O(a)> -n

comparisons. This is even closer, but still above, the (1 H(a))-n lower bound. We
show, in particular, that if Yao’s conjecture is true then the an-th element, where
1/3<a<1/2 can be found using at most (2+a)-n+o(n) comparisons.
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All the results mentioned so far deal with the number of comparisons needed
to select the i-th largest element in the worst case. Floyd and Rivest [6] had shown
that the 7-th largest element can be found using an ezpected number of n+i+o(n)
comparisons. Cunto and Munro [4] had shown that the bound of Floyd and Rivest
is tight. For :<n/2, at least n+i—o(n) comparisons are necessary, on the average,
to find the i-th largest element.

In the next section we explain the notion of factory production that lies at
the heart of the algorithm of Schonhage et al. In Section 3 we describe our new
selection algorithm. Our selection algorithm uses the new factories we describe in
Section 4. In Section 5 we describe the further implications of Yao’s conjecture.
We end, in Section 6 with some concluding remarks.

2. Factory production

Denote by S;"* a partial order composed of a center element, m elements larger

than the center and k elements smaller than the center (see Fig. 1). Schénhage
et al. [14] show that producing ! disjoint copies of S usually requires fewer
comparisons than [ times the number of comparisons required to produce a single

Syt. The currently best way of producing a single S,’C“, for example, requires about
6k comparisons (find the median of 2k+1 elements using the 3n median algorithm).

The cost per copy can be cut by almost a half if the S,]C“’s are mass produced using
factories.

Fig. 1. The partial order SITJL

A factory for a partial order P is a comparison algorithm with continual
input and output streams. The input stream of a simple factory consists of single
elements. When enough elements are fed into the factory, a new disjoint copy of
P is produced. A factory is characterized by the following quantities: the initial
cost I, which is the number of comparisons needed to initialize the factory; the
unit cost U, which is the number of comparisons needed to generate each copy of
P; and finally the production residue R, which is the maximal number of elements



44 DORIT DOR, URI ZWICK

that can remain in the factory when lack of input stops production. For every [ >0,
the cost of generating [ disjoint copies of P is at most I+1-U. Schonhage et al. [14]
construct factories with the following characteristics:

Theorem 2.1. For any k> 1, there is a factory F, for Sllg with initial cost Ij, unit
cost Uy, and production residue Ry, satisfying

Uy ~ 3.5k, I, =0(k%), Ry=O0(k?).

The notation Uy, ~ 3.5k here means that U, = 3.5k +o(k). Schénhage et al.
also show that if there exist factories Fj, for Slg’s, satisfying U, ~ Ak, for some

A >0, and Ij, Ry, = O(k?), then the median of n elements can be found using at
most An-+o(n) comparisons. The above theorem implies therefore the existence of
a 3.5n+40(1) median algorithm to which Schonhage et al. refer as the basic median
algorithm.

The basic median algorithm of Schénhage et al. sets up a factory F, where

k~n1/4, and starts generating S¢’s. The centers of these S,ﬁ’s are inserted into an
ordered list using binary insertion. When the list is long enough, the center of the

upper S ,’g and the elements above it are too large to be the median, and the center
of the of lower S’,’g and the elements below it are too small to be the median. These
elements are eliminated. The lower half of the upper Sf and the upper half of the
lower S’kf are returned to the factory.

The 3n+ o(n) median algorithm is obtained by replacing the factory Fj, by
a factory Gy designed to utilize known relations among elements returned to the
factory, when there are such relations. The factory G}, is described by Schonhage
et al. only as a part of their final 3n+ o(n) algorithm. For our purposes it is
more convenient to describe these factories separately. To facilitate the analysis of
algorithms that use green factories (i.e., factories that support recycling) for S,

we introduce the following two additional characteristics: the lower unit cost U°,
which is the amortized production cost of an S} whose upper m elements will
eventually be returned (together) to the factory; and the upper unit cost U1, which
is the amortized production cost of an S7* whose lower k elements will eventually
be returned (together) to the factory. A green factory does not know in advance
whether the lower or upper part of a generated Si* will be recycled and if so which
part. This is set by an adversary.

If a green factory generated ly S}*’s whose upper part was recycled, {1 S;'’s
whose lower part was recycled and [ S7*’s of which no part was recycled, and if
production has stopped due to lack of input, then the total number of comparisons
performed by the factory is at most 7+lo-UC+1;-U'+1-U. Note that this is now an
amortized bound that holds only when the production of the factory has stopped.

Though not stated explicitly, the following result is implicit in [14].
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Theorem 2.2. For any k > 1, there is a green factory G}, for Sllj with initial cost
I, upper and lower unit costs U,?,Ulg, unit cost Uy and production residue Ry
satisfying
UL, U} ~ 3k, Up~35k, I, Ry = O(k%).
To reduce the number of comparisons required to find the an-th element,
we need factories that generate unbalanced Si’s. In Section 4 we construct a

1 1y90_
new family Gﬁ’l of factories that generate S]’:’l’s, where Slls’l = S,(Ck+1)2 ' These

factories have the following characteristics:

Theorem 2.3. For any k > 1 and | > 0, there is a green factory Gy for S,}j’l =

I_
S](Ck+1)2 U with initial cost It ;, upper and lower unit costs U}S,I’Uli,w unit cost

U1, and production residue Ry, | satisfying

Uy~ U+ 3k, Uby~ @ +14+2)k Upy=0(k), Iy Ry = O(K?).

The construction of these new factories is the more difficult part of our work
and we defer their description till after we describe, in the next section, the relatively
simple selection algorithm that uses them.

3. New selection algorithm

In this section we describe our algorithm for the selection of the an-th element.
The algorithm presented is a generalization of the median algorithm of Schonhage

et al. [14]. Instead of using the factories of Theorem 2.2 to generate S]}C"’s, we use the

3 I
factories of Theorem 2.3 to generate Sf’l’s. Recall that S,}:’l :S](Ckﬂ)2 ! When &

is large, a proportion of about 1/(2¢+1) of the elements in each S]f’l are below the

center. For every 0 <a <1 we choose such a proportion that minimizes the number
of comparisons. The simple framework of the algorithm is presented in the next
Theorem.

Theorem 3.1. Let 0<a <1 and let [ >0 be a fixed integer. If there exist factories

G, for the generation of Sf’l 's with the following characteristics
Ugy~ A%k, Uiy~ Ak, Uy =0(k), Iy, Ry =O0(k?)

then there exists an algorithm for the selection of the an-th element using at most

1—
<a-AD+—-?g~A1)-n+o(n)
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comparisons.

Proof. The algorithm sets up a factory Gy, for the generation of S’,’:’l’s, where
k= |_n1/ 4J. The n input elements are fed into this factory, as singletons, and the

production of SE’Z’S commences. The centers of the generated Sllj’l’s are inserted,
using binary insertion, into an ordered list L, as shown in Fig. 2. When the list L

is long enough, we either know that the center of the upper (i.e., last) S’Iz’l in L and
the elements above it are too large to be the an-th element, or that the center of

the lower (i.e., first) S,I:’l and the elements below it are too small to be the an-th
element (sometimes, both conditions hold). Elements too large or too small to be

the an-th element are eliminated. The lower elements of the upper Sllj’l, and the

upper elements of the lower S]’:’l are returned to the factory for recycling.

Eliminated

\Y4

Eliminated

k.l

Fig. 2. The ordered list of 5ps

Let t be the length of the list L and let r be the number of elements currently in
the factory. The number of elements that have not yet been eliminated is therefore

N=((k+1)2 + k)t +r.
We refer to the an-th element of the original set, i.e., the element we are

supposed to select, as the percentile element. Let i be the rank of the percentile
element among the non-eliminated elements. Initially N=n and i=[an].

The number of elements in the list known to be smaller than or equal to the
center of the upper SE’Z of the list is Ng=(k+1)t. The number of elements known
to be greater or equal to the center of the lowest Sf’l of the list is Ny =(k+ 1)2125.

Note that Ng+ N1 =N +t—r as the centers of all the Sllz’l’s of the list satisfy both
these criteria. .
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The algorithm consists of the following interconnected processes:
(i) Whenever sufficiently many elements are supplied to the factory Gy, a new

copy of S]I:’l is produced and its center is inserted into the list L using binary
insertion.

(ii) Whenever Ny > 1, the center of the upper Sllj’l and the elements above it are
eliminated, as they are too big to be the percentile element. The lower elements

of the upper Sllf’l are recycled.

(11i) Whenever N1 >N —i+1, the center of the lower Sllz’l and the elements below it
are eliminated, as they are too small to be the percentile element. The upper
elements of the lower Sllz’l are recycled. The value of i is updated accordingly,
le., i—i—(k+1).

If t—1 > r then at least one of (ii) and (iii) is applicable, as if Ny < ¢ and
Ni<N—i+1 then N+t—r=Np+ Ny <N+1. If (i) is not applicable then by the
factory definition we have r < Ry ;. When no one of (i),(ii) and (iii) can be applied
we get that t—1<r< Ry =O(k?). At this stage N=0(k3), which is O(n®/*), and
the i-th element among the surviving elements is found using any linear selection
algorithm.

We now analyze the comparison complexity of the algorithm. Whenever (ii) is
performed, (k+1)2! elements above the percentile element are eliminated. Step (i1)

is therefore performed a total of t; < (1—a)n/(k+1)2! < (1—a)n/k2 times. Whenever
(iil) is performed, k+1 elements below the percentile element are eliminated. Step
(iii) is therefore performed a total of tg <an/(k+1) <an/k times. The factory Gy

generates all together ¢y S,’j’l’s whose upper part is recycled, t1 S]Icc’l’s whose lower

part is recycled and t* Sf’l’s that are not recycled at all, where t* = O(k?) is the
final length of the list L.

The total cost of the binary insertions into the list L is at most (g +#; +
t*)logn = O((n/k+ k?)logn) which is o(n). The cost of the binary insertions is
therefore negligible.

The total number of comparisons performed by the factory Gz’l is
Loy +to-Upy+t1-Upy+ 1% Upy

(1-a)

< 2 an. 0 noo4l 3
_O(k)+k A%k + 1ol Ak + O(k°)

T Al) -+ O(k?).

The total number of comparisons performed is therefore (a AY 4 1—;—0‘— - Al) ‘n+o(n)

as required. 1
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Using the factories of Theorem 2.3 we obtain the following corollary:

Corollary 3.2. If 0<a <1 and | >0 is a fixed integer then the an-th element can
be selected using at most

(1+(l+2)<a+-1;—la>>-n+o(n)

comparisons.
Finally, by choosing an optimal value of | for each o we obtain:

Theorem 3.3. The an-th element, among n elements, can be selected using at most
1 1
(1 + alog — + aloglog — + O(a)) ‘n
a «

comparisons.

Proof. Letting [= Llog é +loglog éJ in the expression obtained in Corollary 3.2 we
get

1- 1 1 -
<1+(l+2)<a+—la>>_<_1+(log—+loglog—~+2>- O‘+M
2 o [ log-&

1 1
= 1+aloga— + aloglog — + O(a)
a

as required. ]

Some remarks are in place. By choosing [ =0 our algorithm degenerates to
the Schonhage et al. algorithm. By choosing [ = 2, we get an algorithm whose
complexity is (2+3a)-n+o(n). This algorithm improves upon the algorithm of
Schonhage et al. for every a < 1/3. By choosing [ =3, we get an &?ﬂ -n+o(n)
algorithm. This improves upon the previous algorithm whenever oo < 3/11. These
results are summarized in Table 1 brought in Section 6. Curiously, the results
obtained using ! = 1, are superseded by the results obtained using | = 0, when
a>1/3, and using =2, when a<1/3.

The fact that the optimal choice for [ is roughly logal;—Hog logé— is somewhat
surprising. With this choice, the proportion of elements in the lower parts of the

kl,
Sk

(iii), many element below the an-th element of the original set until it becomes the

s is about o/ = a/log L < o. The algorithm starts by eliminating, using step
€

o/ N-th element of the remaining set. The algorithm then proceeds by alternately
usings steps (ii) and (iil), throwing elements in the right proportion from both
above and below the sought element so that it stays the o/-percentile element of
the surviving elements until the conclusion of the algorithm.
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Finally, we should point out that to get the asymptotic result stated in The-
orem 3.3, we do not have to use the factories of Theorem 2.3. It is enough to
construct similar factories in which U,SJ ~ (I+0(1))k and Ulg,l ~ (2 1+ 0)k.
Such factories can be constructed, as will be shown in the next section, using any

linear median finding algorithm. The factories of Schénhage et al. are needed how-
ever to get the results brought in Table 1.

4. Factories for S;/:’l

In this section we describe the efficient factories Gk’l, for the generation of

S}z’l’s, whose existence is promised in Theorem 2.3. The new factories Gllz’l use,
as sub-production units, the factories G} obtained by Schénhage et al. whose
characteristics are described in Theorem 2.2.

The section is divided into three subsections. In the first subsection we remind
the reader what hyperpairs are. In the second subsection we sketch the construction
of the factory G} of Schonhage et al. mentioning details that are relevant for our

construction, and finally in the third subsection we describe our new factories Gz’l.

Hyperpairs

Hyperpairs are very natural constructs introduced by Schénhage et al. and used
also by us.

Definition 4.1. A hyperpair P,,, where w is a binary string, is a finite partial order
with a distinguished element, the center, defined recursively by

1. Py is a single element (A here stands for the empty string).

2. Py is obtained from two disjoint P,’s by comparing their centers and taking

the higher as the new center. F,,p is obtained in the same way but taking the
lower of the two centers as the new center.

Some basic properties of hyperpairs are brought in the following Lemma. The
proof of the Lemma is simple and can be found in [14].

Lemma 4.2. If ¢ is the center of a hyperpair Py, where w contains h zeros and r—h
ones then:

1. The center ¢ together with the elements greater than it form a Py, with center
c. The elements greater than c form a disjoint set of hyperpairs Py, Py, ...
Poh—l .

2. The center ¢ together with the elements smaller than it form a Pjr-n with

center c. The elements smaller than ¢ form a disjoint set of hyperpairs Py, P,
P —h—1-
3 1r—h

?
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3. Py contains an S;* with center c for any m< 2" and k<2 h,

The factory Gy,

We now sketch the operation of Schonhage et al.’s factory. Their factory Gy,
starts by producing hyperpairs from the following special family:

Hy = Py, H =P
H2t = PO].(].O)t_l’ H2t.|..1 = POl(lO)t_ll’ for ¢ 2 1.

Some small H;'s are shown in Fig. 3. The curious anomaly in the first two bits
of the strings that define the H,’s is essential. An H; is easily obtained from two
H;_1’s using one comparison. By Lemma 4.2, an Hop, where h = [log(k + 1)]

contains an S,’C“. When an Hyy, is generated by the factory it is subjected to a
process of grafting and then to a process of pruning. We do not describe these
processes here as their description is not relevant to our algorithm. The result of

these two processes is a partial order S'}CC on 2k +1 elements that contains an S’kf.
The elements above the center of this 5',’5 form a collection of disjoint Fy:’s and the

elements below the center form a collection of disjoint P;:’s. Typical S ,’g’s that can
be produced by such a factory are shown in Fig. 4. When the lower or upper part of

an 5’,; is returned to the factory, some of the existing relations among the elements
returned are utilized. The amortized analysis of the green factory G, encompasses

a trade-off between the cost of generating an S’,’g and the utility obtained from its

lower or upper parts when these parts are recycled. The two S % S shown on the left
of Fig. 4, for example, would probably have a larger non-amortized production cost

than that of the S,’: shown on the right of Fig. 4. This is compensated however by

the fact that when one of these two S’k 's is recycled, some comparisons are saved.

-

Fig. 3. Some small Hy’s (Ho=Py1, Hy=FPp110 and Hg=Fo11010)
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Fig. 4. Some typical §,’§’s

Although the 5};’5 generated by the factory of Schonhage et al. may contain
Pyi’s and Pyi’s, where i > 1, their factory is only capable of utilizing pairwise disjoint
relations among the elements returned to it. If a Py or a Py, with ¢ >1, is returned
to the factory, it is immediately broken into 21 Py’s or P;’s. Note that both P,
and Py simply stand for a pair of elements. We may therefore assume that each S ]]:
generated by G, is of a form similar to the one shown in the middle of Fig. 4, i.e.,
the elements above and below its center form collections of singletons and pairs.

The factory G}

Our factory G],z’l is composed of three units, as shown in Fig. 5. The first unit

receives as inputs partial orders of the form Fy, where 0 < ¢ <[, and generates
a stream of Py’s. The generated FPy's, or more accurately, the centers of the
generated Py ’s, are fed into the second unit. The second unit is just Schonhage et

al.’s factory G}, for the production of S’f’s. The second unit produces S’,{fopol’s, Le.,
SF’s that each of their elements is also a center of a disjoint Py. A typical Sfo Py,
is shown in Fig. 6. The third unit of our factory receives SllgoPoz ’s and prunes them

to S'llcc’l’s, as shown in Fig. 6. An 5’;:’1 is an 51’5 whose elements above the center are

centers of disjoint Fy's.

' ]

e Geperation || Genergion l—{  pruning
R o k
aw

material

Product

EENTENEE

Recycled materials

Fig. 5. The factory Gﬁ’l
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—>

Prune

Fig. 6. A typical S']Iz’l

Recall (cf. Lemma 4.2) that the elements above the center of a Py form a
disjoint set of hyperpairs Py, Fy,...,Fy-1. A Py is pruned by cutting the [ edges
that connect its center with the centers of the Py, Fy,...,Py-1 that are above it.

An S’IgoPOz is pruned into an S'IICC’Z by pruning the k& Fjy’s that are below its center.
Exactly Ik edges are cut in this process.

The elements above the center of an 5’,’5’1 form a collection of Fy’s and Pyi+1's
(pairs of Fy’s). The elements below the center of an 5:’1 form a collection of

singletons and pairs. If the upper part of an S’Ilg’l is recycled, the Fy’s and the
Pyi+1s are returned directly to the second production unit, i.e., to the factory Gy.

If the lower part of an 5’,’2’1 is recycled, the singletons and pairs are returned to the
first production unit, i.e., to the unit that produces Fy'’s.

We now turn to the analysis of the factory constructed. The analysis is greatly
simplified if a clever accounting principle introduced by Schonhage et al. is used.
The information we care to remember on the elements that pass through the factory
can always be described using an acyclic Hasse diagram. Only elements belonging
to different connected components of the Hasse diagram are compared and as a
result an edge between these two components is added. At some stages we may
decide to ‘forget’ the result of some comparisons and the edges that correspond
to them are removed from the diagram. Schonhage et al. noticed that instead of
counting the number of comparisons made, we can count the number of edges cut!
To this we should add the number of edges that remain in the factory when the
production stops. This number is at most the production residue of the factory and
it can be attributed to the initial cost.

Looking at our factory, we see that no edges are cut in its first production unit.
All edges cut in the second production unit are cut inside the factory Gy, we can
therefore rely here on the analysis of G, made by Schonhage et al. [14]. Finally,

exactly [k edges are cut in the third production unit for every 5’:’1 generated. To
keep our books balanced, we should also count the number of edges contained in

parts of S'II:’J’S that are not recycled. The upper part of an 5’,’;’1 contains (k+1)21—1
edges. If an gi’l is lower recycled, all the edges in the upper part are cut. The
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accounting of Schonhage et al. takes into account & of these edges, namely upper
edges of the S—'}c“ on which the S'llj’l is built. The upper unit cost U,%J of Gi’l is
therefore equal to the upper unit cost U,% of Gy, plus lk+ (k+1)(2' —1). If an
S'lf’l is upper recycled, the k edges contained in its lower part are cut, but this is
already accounted for in the lower unit cost of G. The lower unit cost U,S}l of GZ’I
is therefore equal to the lower unit cost U,g of G plus [k. The unit cost Uy of

Gi’l is obtained in a similar manner.

Finally, notice that the production residue Ry, ; and the initial cost I, ; of Gllz’l

are at most 2! times the corresponding values for G,. As | is constant, we get that
Iy, Ry =O(k2) as required. This completes the proof of Theorem 2.3.

The construction just described also establishes the following general result:
If there exists a factory Fy, for Sl{f with unit cost UI? ~ Ué ~ Ak, then there exists

a factory Fy for 51]:’1 with lower unit cost U,?l ~ (I+ A)k and upper unit cost
Ug 1~ (21 +1+ A~1)k. Any algorithm that finds the median of n elements using

at most An/2+o(n) yields an S,’j factory with unit cost U,S ~ U,% ~ Ak (such a
factory finds medians of 2k+1 elements). Any linear median algorithin can be used

therefore to obtain an S,I:’l factory with UP  ~(1+0(1))k and U}, ~(2LH1+0(1))k.

This, as mentioned at the end of the previous section, is enough in order to imply
the asymptotic bound of Theorem 3.3.

5. Implications of Yao’s hypothesis

Constructing a partial order Si* on a set of k+m -1 elements is easily seen
to be equivalent to finding the k4 1-th element of the set. Is it easier to construct
an S;* if more than k+m+1 elements are available? Yao [15] conjectured that
additional elements do not help.

Let g(S7*,n) be the number of comparisons required to produce a partial order
S¢* given a set of n>m+k+1 elements. Also let g(S7*)=g(S*,m+k+1). Clearly
g(Si*,n) <g(Sy), for any n>m+k+1, as additional elements can always be ignored.
Yao conjectured that g(S}*,n)=g(Sy"*) for every k,m>0 and every n>m+k+1.

Schénhage et al. [14] showed that if Yao’s conjecture is true, then the median
of n elements can be found using at most 2.5n+o(n) comparisons. We extend this

result and show that Yao’s conjecture also implies better upper bounds for selecting
the an-th element, for any @ >0. Specifically, we obtain the following:
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Theorem 5.1. Let 0< <1 and let >0 be a fixed integer. If Yao’s conjecture is
true then the an-th element can be found using at most

(1+(l+2)a—|—12—la>-n—l—o(n)

comparisons.

In particular, if 1/3 <« <1/2 and if Yao’s conjecture is true, then choosing
[=0 we get that the an-th element can be chosen using at most (2+«)-n+o(n)
comparisons. Theorem 5.1 implies the following result:

Theorem 5.2. If Yao’s conjecture is true, then the an-th element can be found using
at most

1
<1 +alog— —{—O(oz)) -n
o
comparisons.

The proof of both theorems is based on the following simple lemma:

Lemma 5.3.
—i n+i1—-1 n+i—1 —i—1)/9

Proof. Consider the following simple algorithm for finding a partial order Si”__li

in a set X of 2 [ﬂ%:l} elements. Divide X into pairs, compare each pair and

let X' be the set of elements that lost in the comparisons. This takes [@—5&11
comparisons. Then, select the i-th element of X’ using an optimal algorithm. This

takes g(Si{ﬁ—i_l)/ﬂ) comparisons. If ¢ is the i-th element of X' then, ¢ is larger

than i —1 elements of X and smaller than 1+2 {n_TH] >n—1 elements of X, as

can be seen from Fig. 7. |

Fig. 7. Finding an S';"’_—li when 2 "ﬂig———l-] elements are available
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An immediate corollary of Lemma 5.3 is the following:

Corollary 5.4. If Yao’s conjecture is true then

n-—1 +1-1 n—i—
o7 < | sl

We are now able to prove Theorems 5.1 and 5.2.
Proof of Theorem 5.1. For simplicity, we ignore integrality problems. We also write
Séln—a) instead of S( ) . We start by proving the claim of the Theorem for [=0.
Using Corollary 5.4 and the identity g(S}*)= g(SE) we get:

(1+a)n (1—a)n/2, _ (1+a)n

1~
g(S((Xn a)n) < > + 9(Sem )= ——2— (S(l o) n/2)
Applying Corollary 5.4 once more we get
(I+a)n

oSim ) < S+ (G oSy = (14 5) n o olSes )

It follows now by induction that
g(S&l[a)n) < (24 a)n + o(n).
Suppose now that [ >1. By applying Corollary 5.4 [ times we obtain
- 1 —
st < LR g(sliemr2)

- an

1 1 —a)n
<! +a) o +43a) + (S @MY
[_
<1+a a+...+1+(221 1)a> n+g(5(1 a)n/gl)

( ( )(1— )> n+ g(SSLmEy

Letting now n' = ( —1—2—-) nand o = =<7 we get, using the claim of the Theorem

with [ =0 that
—u 1 —a W
o(Skn M%) = g(sU ™) < (24 o) + o(n) = <3a+ = 1>'”+0(”>-

an

Combining the last two inequalities we get that

9(Sa Sk a}n) < Kia—k (1—2—1[) (I—a)) n] + [<3a+l2%fl> -n+0(n)}
= <1+(l+2)a+1—2—l—a> ‘n+o(n)

as required. |
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Proof of Theorem 5.2. It is easy to check that the optimal choice for [ in Theo-
rem 5.1, ignoring again integrality problems, is [ =log (% — 1)—log loge. Substituting
this value into the bound of Theorem 5.1, we obtain

- 1
g(S((xln a)n) < (1 + log <E - 1) + (2 + loge — log log e)a) n 4 o(n)
1
< <1 +alog— + 2.914a> -n 4+ o(n).
a

The integrality problems are solved by taking [= [log (é - 1) —loglog eJ . This only
affects the O{a) term in the above expression. |

Even if Yao's conjecture is true, the proofs of Theorems 5.1 and 5.2 do not
describe algorithms that achieve the bounds stated. They just prove that such
algorithms exist. We can however find the following constructive use of Lemma 5.3.
without relying on Yao’s hypothesis we obtain the following:

Theorem 5.5.
g(S((Iln—a)n, (14 a)n) < (24 2a) - n+ o(n).

Proof. Using Lemma 5.3, and using the 3n+ o(n) median algorithm of Schonhage
et al. we get

g(Sg’ln_a)n7 (1 + a)n) < @ +g(5(9n—a)n/2)
< (1 +2a)n +3. (1 +2a)n Foln)=(2+2a)-n+o(n). 1

A few things are worth noticing. First, note the striking similarity between the
bound of Corollary 3.2, obtained without relying on Yao’s conjecture, and the bound
of Theorem 5.1. Second, note the proximity of the bound just obtained in the proof

of Theorem 5.2 with the lower bound (1+H(a))n={(1+alogl +a/In2+0(a?))n

of Bent and John {2]. In fact, our initial motivation for carrying out the compu-
tations of this section was an attempt to disprove Yao’s conjecture. Finally, note

that Theorem 5.5 gives an explicit algorithm for the generation of an S&l,:a)n, when

about (14 a)n elements are available, using only (2+2a) -n+o(n) comparisons. If
only n elements are available, and o >1/3, the best known method for generating

an Sc(yln_a)n requires 3n+o(n) comparisons. This confronts Yao’s conjecture with a
concrete challenge.

6. Concluding remarks
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We have extended the results of Schénhage et al. [14] and of Blum et al. [1]
and obtained better algorithms for the selection of the an-th largest element where
«a < 1/3. Our algorithm is almost optimal when o is small. We have also shown
that a conjecture of Yao {15] implies that an even better selection algorithm can be
obtained. Table 1 summarizes some of new bounds we have obtained.

1| New result | Optimal range | Assuming Yao | Optimal range
o 3n i<a<i (2+a)n i<a<i
1 SJ”2—39-n azé 3—”}:25—q-n %Saﬁ%
2| (2+43a) n| F<a<i Stldar. t<ax<i
3| Hen | g<e<qy | M | H<agy
4| PRRen| g<e<y | Mgen | mSe<y

Table 1. New bounds for the selection of the an-th element

The two most challenging open problems related to selection are perhaps
proving or disproving Yao's conjecture and significantly narrowing the gap between
the lower and upper bounds on the number of comparisons required for the selection
of the median.

Acknowledgement. We would like to thank Mike Paterson for several helpful dis-
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